Lab 23

Purpose

To explore the convergence properties of improper integrals.

23.1 The Computation of Improper Integrals

In many applications one is faced with integrals which have one of the following properties:
e The integrand becomes infinite at one or more points of the interval of integration.
e One or both of the limits of integration is infinite.

In such cases there is the possibility that the integral may not
exist; 1.e., the integral may diverge. The simplest example is

/01 df. (23.1)

The integrand becomes infinite at the endpoint z = 0 To
see if this integral exists, we cut out this endpoint from the
integral and start the integration at @ = b for 0 < b < 1, and
then investigate what happens when b approaches 0. This is
summarized as
1

lim dx = lim (In 1) = +o0. (23.2)

b0+ Jy @ b0+ b
Therefore, we say that the original integral diverges.

Another type of improper integral is one in which the

integrand becomes infinite at a point inside the integration
interval. An example of this is

2
/0 lf_ - da. (23.3)

In such cases the integral can be evaluated by noting that

2 1 2
z z z
dr = d da. 234
/Oxz—l v /Oxz—l x+/1 21" (23.4)

The problem is now reduced to looking at two integrals in
which the integrand becomes infinite at the endpoints of the
integration interval. Each of these can be evaluated using
the above analysis.
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23.2 Method of Computation

In the following exercises you will be investigating the convergence properties of several integrals.
In each case you will be evaluating integrals by computing limits such as

lim/ flz) de. (23.5)

b—L

You can define such an integral as a function:

F(b) := /bf(x) dx (23.6)

Evaluating this function at various values of b as b approaches L, you can determine if the integral
converges (exists) or diverges. If it converges, then you will obtain a finite value for the integral.
Actually, you may only get an approximation to the integral.

The various test values for b can be set up using a range of values, like b := 1,10 .. 100. Be
careful not to use more than 6-12 values at a time, otherwise you may have a long wait until all of
the integrals are computed. You can then list the results in a table, or graph F(b) vs b to see if the
integral is converging as b approaches L.

Exercises

> Exercise 23.1 Consider the integral

/100 L e (23.7)

xrP

Determine if this integral converges for the following values of p : 0.5, .95, 1.0, 1.5, 2.0, 3.0. What
relationship do you see between convergence of the integral and the value of p? [Note: You will
need to compute the integrals for each value of p seperately.]

> Exercise 23.2 Consider the integral

/0 - _df)z/g' (23.8)

Does it converge, or diverge? If it converges, to what does it converge?
[Note: MathCAD actually computes the integrand as [(x — 1)'/3]?. This results in complex
values, when 2 < 1. You can avoid this by using |z — 1%/



